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Identitati deduse prin integrare

Teorema: Fie £,g:R—R. Daca f si g sunt integrabile pe un interval inchis [ , /]

p p
sif=gpe [ap] atuncisi [ f(x)dx=[g(x)dx.

Aplicatia 1. Sa se demonstreze egalitatea:
6,6, G, G 2]
1 2 3 n+1 n+l1
Solutie: Fie f{x)=(1+x)" care este o functie integrabila pe [0, 1].

1 1 (1+X)n+1|1 2n+1 -1
[f(xX)dx=[(1+x)"dx= =
0 0 n+1 ‘O n+1

; neN

(D

Pe de alta parte putem scrie (conform cu binomul lui Newton)
F(xX)=CP +Clx+ C*x? +..+ C"x" rezultd

Y0 A 2.2 {0 - :
I(Cn +Cx+Crx” +..+ C,’Zx”)dx: [Cdx + [Cyxdx +...+ [C)/x"dx =
0 0 0 0

1 1
1 2 n+l 0 1 n

o v s i G G G (g
0 0 n+1 0 1 2 n+1

Din (1) si (2) rezulta identitatea din enunt.
Aplicalia 2. Sa se demonstreze identitatea:

| ) | R | R D" 1 n

C - C +——C —..+ C’ = C

n m+n

m+1 " m+2 " m+3 m+n+1 " m+n+1

b
Solutie: Notam 1, , = [(x —a)" (b - x)"dx
a
Facem schimbarea de variabila x—a=t si rezulta:

b—a
I,,= 1 t"(b—a—1t)"dt; Fie b~a=«a
0

(24
Lyn= jtm[C,?a” - C,lla”_lt + C,foc”_zt2 +...+ (—1)”C,’Zt”]dt =
0

a

:|: 1 C}?antm+l_ 1
m+1 m+2

. 1
Cra" "2 o (<1) ———— !
m+n+1

0

="t LC,?— ! C + ! C,f—...+(—1)”c—" (1)
m+1 m+2 m+3 m+n+1

Calculam 7,, , utilizand integrarea prin parti si notand (x—a)"=u si (b—x)"dx=dv, rezulta:

du=m(x—a)"'dx si v = —L(b —x)",
n+l
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b
Dyw =——— (= a)" (=)™ +" [ =@y b— ) v =0
’ n+1 . ntly n+1 ’
Astfel: 7, , zﬂlm_l,nﬂ
n+l
m—1
]m—l,n+1 :mlm—Z,rHZ
1
] -1 = ] n+m
A Lm+n-1 — m+n 0,n+
Inmultind membru cu membru aceste egalitati si simplificand rezulta:
_omin! L S )m+n+1b_ minl et _
T ) T m ) m+ o+ 1 o (mn+1)
— m!n! am+n+l — 1 rryzH_n m+n+1 (2)
(m+n+1)! m+n+1
Din (1) si (2) rezulta identitatea din enunt.
Aplicatia 3. Sa se demonstreze identitatea:
1 " 1 1
Cl——C? 4. .+(-D)" Cy 1 —1+—+..+— (neN).
2 n 2 n
Solutie: Fie:
(1x)'=1-Clx + C2x* +.. .+ (-)"C"x" =
= Clx—C2x? +..+(-1)"C"'x" =1-(1-x)"|:x
n
Cl = Cx tot(—l)y iyt 212D
X
1- 1 _ _
rezultd: [ = J& :j[C,ll—C,for...Jr(—l)” tenxn 1]a’x:
0 X
cl | c’ . G, c2 (ol
_Sny \++(1)”1 x| =8 (1)”l ()
L n 0o 1 2

Pe de alta parte, putem scrie:

= (1)’ [1—(1—x)][1+(1—x)+(1—x)2+...+(1—x)"—1
X X

=1+(1-x)+(1-x)" +..+(1-x)""

1 1 1 1
Rezulta: I =[dx+[(1—x)dx+[(1—x)?dx+..+[(1-x)"'dx=1 +%+...+l (2)
0 0 0 0 n

Din (1) si (2) rezulta identitatea din enunt.
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Aplicatia 4. Sa se demonstreze identitatea:
1

v Ly i
Jige 4fign) g w2 =2 7 enxe(0-7 ).
27\/sin(2"" x) 2

Solutie: Pentru keN, avem:
cos2¥x  cos2¥tlx B cos2¥ x -sin2% ' x — cos2**!x - sin2% x

k k+1
ctg2" x —ctg2" " x = — = -
sin2fx  sin2f*lx sin2** 1y . sin2% x

sin(2k+1x - 2kx) sin2% x 1

sin2%x-sin2%'x  sin2¥x-sin2¥* 'y sin2*!x
Facand £=0,1,...,n—1 rezulta:

- = ctgx — ctg2x
sin2x
|
- =ctg2x — ctgdx
sin4x
. =ctg2" ' x — ctg2" x
sin2" x
Adunand membru cu mebru, rezulta:
. ! +— ! +ot ! = ctgx — ctg2" x (1)
sin2x  sin4x sin2" x

Daca acR se stie ca:
fctg(ooc)dle In|sin(ax) [+C si
o

1

dlentg?a +C, (CeR)

sin( o)
Fie a,beR; a<b. Din (1) rezulta:
b b b b b
A tendy — (et vdx ()
2Sin2x  ,sindx asin2"x 4 a

b

b dx k-1
Dar, [———— =Inltg(2" 'x
ish(2kx) ‘g( )

2k

5 .
[ctgxdx = In sinb
u S

Astfel relatia (2) devine:
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) k-1 : (o
Ik tg(2k 1b) _ |s?nb b s?n(2 b) -
21 \|tg@'a)| sina sin(2" @)
; k-1 - Y
o 2 tg(2k 1b) ' s.mb b 51'r1(2 a) -
k=1 \[[tg* " a) sina sin(2"b)
n k-1 . . n
o2 |tg(2k 1b)| _ s?nb|. ) 51-11(2 a) 3)
k=1 |tg(2 ) a)| sma| sin(2"b)
In relatia (3) facem b=x si a= i si rezulta:

2n+1

1 .
sinx

Jigx -4t Yig@n) . e =2 2

2" Jsin(2" 1)
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