Elemente de analiza matematica Virgil-Mihail Zaharia

2012
INTEGRALA NEDEFINITA
1. Primitive. Proprietiti.
Definitia 1. Fie f: 1 — R. Se spune cd f admite primitive pe [ daca A F : 1 -R astfel incdt
a) F este derivabila pe 1;
b) F'(x) =f(x), V x¢l
F se numeste primitiva lui f. ( I poate fiinterval sau o reuniune finitd disjuncta de intervale).
Teorema 1.1 Fief:1— R. Daca F, F, : I — R sunt doud primitive ale functiei f, atunci existd o constanti ¢ €

Rastfelincat [’ (x)= | (x)+c,Vxel

Demonstratie : Dacd [Ji', [, sunt primitive atunci [i',, i, sunt derivabile = Flv (x) = F'z(x) =f(x) Vxel

"’ ' 1 -
S ((F-F)®=F, (x)—F 2()C) =0,xel. > [ (x)— F,(x) = ¢, c=constanta
OBS 1. Fiind data o primitiva F 04 unei functii atunci orice primitiva F a lui f are forma F = F|, + ¢, c= constanta

= f admite o infinitate de primitive.

OBS 2. Teorema nu mai ramane adevarata daca I este o reuniune disjuncta de intervale Expl: f: R- {0 }, f(x) =x2

X
3
X
F= ? , G= R F, G sunt primitive ale lui f dar F-G nu e constanta . Contradictie cu T 1.1
X
—+2
3

OBS 3. Orice functie care admite primitive are Proprietatea lui Darboux.
Se stie ca derivata oricarei functii are P. lui Darboux , rezulta ca fare P lui Darboux. F’ =f.

OBS 4. Daci I este interval si f(I) def { f(x)/xel }nu este interval atunci f nu admite primitive.

Daca presupunem ca f admite primitive atunci din OBS 3 rezulta ca f are P lui Darboux, rezulta f(I) este interval ceea ce
este o contradictie.
OBS 5. Orice functie continua definitd pe un interval admite primitive.

Definitia 2. Fie f> I —R o functie care admite primitive. Multimea tuturor primitivelor lui f se numeste integrala
nedefinita a functiei f si se noteaza prin simbolul I f (X) dx. Operatia de calculare a primitivelor unei
functii(care admite primitive ) se numeste integrare.

Simbolul _[ a fost propus pentru prima datd de Leibniz, in 1675.

Fie F()= { fI-> R} Pe aceasta multime se introduc operatiile :

L (fre)(x) =x)+ g(x) ,
2. (of)(x)=o.f(x) Vx € R ,a constanta

J'f(x)dX:{FEF(])/F primitiva a lui f}

Teorema 1.2 Daca f,g:1— R sunt functii care admit primitive si « € R, a #0, atunci functiile f+g, af|
admit de asemenea primitive si au loc relatiile:[(f+g) =[f +Ig, laf=alf, a0, [f =[f +C
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2. PRIMITIVELE FUNCTIILOR CONTINUE SIMPLE
1. chx:c~x+C, ceR Ex J.6dx=6x+C
X n+1 xll
2| xd = + C Bx. [x‘dr="—+C
no+ 1 11
1 4
a +1 l x§+1 .X/‘g
3, jx”dx = + C Ex j%/}dx=jx3dx=—+c=—+c=—3x4+c
a + 1 1 4
i+1 _
3 3
. a X . 2X
affaa = + C Bx  [2dx="—+C
In a In2
5,je”dx =e" + C 6.J.1—dx=n|x‘+C 7.J.,12 dc = —ctgx + C
X sin "~ x
| .
8. j—zdx =g +C 9. j81mdx=—COSX+C 10. jcos xdx =sin x+ C
cos ~ x
1 1 X 1 1 b
11. J.ﬁdx =—arctg —+C Ex Iﬁdx =—arctg —+C
X +a a a x°+5 5 5
1 1 -
12, o —de = S 0] B [——d =i
X" —a a |(x+a x° =125 10 xX+5
1
13. j4dx=1n(x+\/a2+x2)+c Ex J.;dx:ln(x+\/42+x2)+C
14. _[\/7 =Inlx+vVx*—a*|+C| Ex J‘%dlenx+\/x2—49‘+6”
x°—49

15.

16.

18.

19.

x = arcsin —+ C

[

J. tgxdx = —ln|cos x| +C

—— dx=+x*+a* +C

N

;dx:\/xz—az +C

e

17.

[

x = arcsin Z+ C

J. ctgxdx = ln|sin x| +C

— dx=+x*+5*+C
J.\/x +25

x
—————dx=x"-36+C
e
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20. de:—\/az —-x*+C Ex
J. 2 2 J.
a’ —x

—

21 |[{0 @ 4%21%\/)8 |+

| e

2
23. J\/aZ —xzdx=%\/a2 —x? +%arcsin£+c
a

I. Sa se calculeze primitivele urmétoarelor functii.
1.J3x° =2x* +3x —2)dx
3.0 (Wx +D)(x=x +1)dx

5. [~V + 48 i
7. Ixyf(x=1) dx

9.J( eX+iV)dx
=

2
11. j[“ 4"] dx
X
13. | Vx? +4dx

15. ] V4—x2dx

x4 3
17*. | ——dx
'[\/)c2 + 2
1
19*%, | ————dx
jsin2x-cos2x

21*, j,/i* e
- X

———dv=—25-x" +C

Vv25—x
Ex I\/xz +7d =)5C\/x2 +7+;h+x+ X +7/+C

Ex I\/xz —9dx=§\/x2 -9 —zl\—{er x* =9 +C

2
Ex _[\/az —x*d zgvaz —x’ +%arcsin)E +C
a

2. [ x(x-1)(x-2)dx
4.1 Q/x + 31 )dx
XAV X
5 3 2
6. || =———=+—"—
8. _'.(2)c+§—i2 X
X X

10. | (x°+5%)dx

(x+2)3
12. I 2 >

14. I x> —9dx
16*. I;dx

x+\/x2—l
2
)
18, [ — 2 i
JVx2 -3
20, J'l4dx
Sin X - COS X
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(]

. jgo' ()dx=p(x)+C, @(x)eR

o) o' (s = ‘”(zi+ C

(o) o' ()dx =

n+l

P(x)
+1

+C

. Ie“” o' (x)dy = e’ + C

arﬂ(x)
Ia‘”m @' (x)dx = +C
Ina
jmdx = Inlp(x)|+ C
¢ (x)

[P, LT
9" (x) n-1 9" (x)

@'(x) dx_l p(x)—a

> > = n +C
o (x)—a 2a |p(x)+a

I p'(x) v =

cﬂ()

—arct
o’ (x)+a’ a €74 a

10.

11.

12.

13.

14.

15.

16.

I¢'(x) -sin @(x)dx = —cos p(x)+ C

j¢'(x) -cos @(x)dx =sin p(x)+C

j @' (x) - tgp(x)dx = —Injcosp(x)| + C

_[Qf (x) - ctgp(x)dx = 1n|sin (p(x)| +C

[0, .

t x)+ C
0 T (x) g ¢ (x)

-ctg p(x)+ C

(pz(x)—a2 +C

. PRIMITIVELE FUNCTIILOR CONTINUE COMPUSE

X J-(Sx+1)'dx=5x+1+C

Ex [(4x+3)-4dv = LT e
8
x J.(5x+2)7~5dx:M+C
Ex Ie2x+4-2dx:ez”4+C
43x
xj43x~3dx: +C
In4
12
———dx=In12x+7|+C
12x+7
2 -1 1
—f kk=—— " _4C
B j(2x—4)6 TS eay
Bx [— =23 ¢
16x2-9 6 |4x+3

5 1 5x
x | ——dx=—arcte—+C
-|.25x2 +4 2 & 2

Ex j 4 -sin(4x — 5)dx = —cos(4x —5)+ C
Ex j6x -cos(3x> + 7)dx = sin(3x> +7) + C
Ex [5-1g(5x—7)dx = ~Injcos(5x —7)|+ C

Ex js -ctg(8x + 6)dx = Infsin(8x + 6)[ + C

Ex J.4dx tgbx+C
cos

2 dx=—cig(5x-9)+C
* I_c,ir12(5x—9) =g -9)

j 33 ok _4+c

9x—
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17. Imd =JP*(¥)+a’ +C J.de—\/l6x2+25+C

Vo' (x)+a’ 16x +25

. Md =—la’ —o* C Ld =—49-4 C
lsjmx Na —@~(x)+ I94xx x° +

19. J.\/(p(x)(%dx In@(x) ++/@(x)> +@* ) +C

20.] (X) dx—lﬁ HO o - |+ E

Ex |————dx=InBx+v25%" +7°)+C
'[\/ x+7

——dx=I1 I+ -4 |+C
« | ﬁ SN |

21. j p (x) dx = arcsin v (x) +C Ex J‘;dx = arcsin 2_x+ C
Jo o) 4 5T 4y 5

22| [ty =P 1/(/()6) +d 4—1 )+ g+ | +C

23. J'w/qa(x) —a dx—(A )wlgﬁ(x) - h+¢(x)+w/gdx) —a|+C

2
24, J.qlaz —o(x)*dx :%x)q/az - o(x)’ +%arcsin%x)+C

I1.Sa se calculeze primitivele urmatoarelor functii compuse.

1. js-zSde 2.]34de 3. J.4sin4xdx 4. j3cos3xdx
s.j LN 6. ;dx 7. 4dx 8. j%dx
5x+3 4x* +9 4x* -16 25-9x

]
9. —dx 10. j ——dx 1L j tgdxdx 12. j 2ctg2xdx
cos’ 3x sin” 5x

B 1 j;dx

V16x® +4° V9 —-16x°

III. Sa se arate ca urmitoarele functii nu admit primitive.
-1,x(0
1. fR—>R, f(x)= | 5 0 2. iR — R, f(x)=[x] (partea intreaga din x)
, X2
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-1, x(0
3. fR—R, f{x)=40,x=0 4. R >R, f(x)=[X]+X
1, x)0
—1,x € (—0,0] sinx,x # 0

5--f:R—>Rf(X)={ 6. f:R—»R,f(x)={

x+1,x € (0,+0) 2,x=0

IV. Si se determine a,b numere reale astfel incat F si fie primitiva unei functii f.

In(ax +b), x)1 1+1In’ x,x e[L,e)

1% Fx)=1 x+1 2% F(x) = T
2+1,xsl 2Qa-3)x+b*,x e[e,e’]
X

ax+b

2a-¢* +b,x<0 x<0

4% Fx) =4 x> +1°

3% F(x) =
\/2x2—4X+1,X>0 m )0
a-e* +2bx+1,x<0 ¥+ ax+b,x)0

5%, F(x) = 6*. F(x) =1 '
3’;&,@0 {smx+3cosx,x£0
x“+2

V. Sa se verifice daci urmitoarele functii admit primitive si in caz afirmativ si se determine o primitiva.

1

<0
2 4+3,x(0 X<
1. £ R—>R, f(x)= {xx x 2. fR—>R, f(x)= )lc +4
e +2,x20 Z—x/},xﬂ)
X +2"
\/;+3\/;,xe[0,1) T’XZO
3*.£:[0,0)>R, f(x) =< 1 1 4* f:[-2,00)>R, f(x) =

ﬁ'i‘%,XZI 1
V9 —x?
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DERIVATE
Nr FUNCTIA | DERIVATA MULTIMEA PE CARE 5 FUNCTIA COMPUSA DERIVATA
FUNCTIA ESTE DERIVABILA
1 C 0 R
2 X 1 R u u
3 x" nx"’ R u" nu"u
4 x* ax™! [0,00] u’ au”’u
5 1 1 R 1 1.
x -— — -—u
.X'Z u u 2
6. 1 n R 1 n+l1
xn xn+1 u n n/u’u
7 5 I R i Iy
24x 2u
5 I 1 R Ja L
nn/xn—l n impar nn/un—l
9 sin x cosX R sin u u’cos u
10. €oS X -sinx R cos u -u’sinu
11. tgx 1 T tgu 1
5 R\{(2k+1) — |k€ Z} —u'
cos” x 2 cos” u
12. ctg x 1 R\(k7z |keZ} ctgu 1 '
) .2 u
Sin- x SN u
13. arcesin x 1 -L,1) arcsin u 1 '
1-x’ 1_“2u
14. arccos X 1 (-1,1) arccos u 1 '
) 1-x? l—uzu
15. arctg x 1 R arctgu 1 '
u
1+x° 1+u’
16. arcctg x 1 R arcctg u 1 '
- - u
1+ x° 1+u’
17. a* a* Ina R a" a".Ilna.w’
18. [ e” R e" e'w
19. Inx 1 R, Inu 1
— —u'
X u
20. log , x 1 R, log,u 1 "
xIlna ulna
21. u' (u) v.u"u +u'v.lnu
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Teorema 1.1 Daca f,g:R—R sunt functii derivabile cu derivatele continue, atunci functiile fg,

g, fg’ admit primitive si are loc relatia: j f(x)g’ (x)dx =f(x)g(x)- j £ (x)g(x)dx

Demonstratie: f,g derivabile = f,g continue = f’g,fg,fg’ continue si deci admit primitive.

Cum (fg)’=f’g+g’f rezultad prin integrare ceea ce trebuia de demonstrat.

Sa se calculeze integralele:

1. Ilnxdx

5. Ixizlnxdx

In’ x
9% | -

13. J'(x2 —2x +3)In xdx

16*. .[xlnx—_ldx

x+1
19. J.(xz +2x)-e3"dx
2%, j(x3 +5x% —2) e dx

25. J.e" - sin xdx
28. J.e" - coS 2xdx
31. jx2~sinxdx
34*. jx2 - cos 2xdx

X
37. jcos2 —dx

arcsin x

dx

40. j
43%*, .[x-\/x —9dx
46. j\/} In xdx

2. J.x In xdx

6. J-ln(lnx) dr

In’ x
10. | —d

14. j xIn(x — )dx

17. j(xz + l)-exa’x

20. J.x2

23 | &’

26. J.e” - COS xdx
29. [ x-sin xdx

32. sz - COS xdx
35. jx-sinz xdx

X

38. dx
J.sin2 X

41%*, Ie”‘ -sin? xdx

44*..[x-\/x2 +16dx

2
g7, [E 22D 4

e

3. Ixz -In xdx
7. Ilnz xdx

11. J. cos(In x)dx

X
15. jm
18. Ix-e_xdx
21. Ixz-ezxdx

3:2°4+2-¢"

24, j—dx

b
27. J.e” -sin 2xdx
30. Ix-cosxdx

33%, .[xz -sin 2xdx
36. jx-cosz xdx

X - arcsmx
39. j _1 -

42%, J.cosz (In x)dx

45*..[x-\/4—x2dx

4. Iilnxdx
X
2
8. j In(1 +Z)dx
X

12. J.sin(ln X)dx

In(1++/x> +1)dx
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Rezolvari:

1. Ilnxdx: Ix'lnxdx :x‘lnx—J.x-édx :xlnx—Idx =xlnx-x+C

2\ 2 2 2 2
2. Ix-lnxdxzj X lnxa’x=x—-lnx—jx—-la’x=x—lnx—lj‘xa’x=x—lnx—lx2 +C
2 2 2 x 2 2 2 4

4.

J.llnxdx = J.(lnx)'lnxdx = (lnx)2 —Ilnx~ldx = 2J.1nx~ldx = (lnx)2 = Illnxdx =l(1nx)2 +C
X X X X 2

Observatie: La integralele care contin functia logaritmica nu se umbla la ea ci se scriu celelalte functii ca f’

sz -etdx = J.xz (ex )'dx =x’e" —I2x-exdx =x’e" — 2jx . (ex )'dx =x’e" —2x-e" —Iexdx] =

=x%e" —2x-e" +2¢" +C=e"(x2 —2x+2)+C

20.

25. J.ex -sin xdx = J.(e’“) sin xdx = e” sinx—J.e)C -cosxdx =e* sinx —[e” -cosx—J-e)C -(—sinx)dx] =

. . . - . . | R
Notand cu I integrala je’” -sinxdx rezultd: [ =e sinx—e cosx—[1= 1= Ee“ (sinx—cosx)+C

Observatie: La integralele unde apare functia exponentiala , se va scrie aceasta ca f’

29. J.x-sinxdx = Ix-(—cosx) dx = —xcosx+_[cosxdx =-xcosx+sinx+C

32. J.x2 -cos xdx = J.xz -(sin x) dx = x* sin x — IZx -sin xdx =x” sin x — 2(—xcos x + sin x) + C,vezi 29

37. .[ Y dx= J.(tgx)' - xdx = x - tgx — Itgxdx = X-1gx — (—1n|cos x|) =X-1gx + 1n|cos x| +C
cos’ x

Observatie: La integralele care contin functii polinomiale si functii trigonometrice nu se va umbla la functiile polinomiale
ci doar la functiile trigonometrice care se vor scrie ca f’
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L . . 1 —cos2x
41*. Se stie ca: cos2x=1—251n2x:>sm2x=T
je’x -sin * xdx = J.e""- 1-cos 2x dx :l—je"‘dx —l—je’x cos 2xdx = —% : —1—1
2 2 2 2 2

I = Ie"‘ cos 2xdx = J.e"" sin 2x dx = l—e"‘ sin 2x—j(— e"‘)sm 2x dx = l—e"‘ sin 2x+1—.[e’x sin 2xdx =
2 2 2 2 2

= 1—6” sin 2x+1—J.e” ~cos 2x dx = l—e"‘ sin 2x—M+ I—J.e’“' cos 2 xdx
2 2 2 2 4 4

1 . o 2 1 4 1 . —-x )
:>I:—e*-*sm2x—w+_]:>]:_(_e 'XS1n2x—e cos x)+C
2 4 4 32 4

METODE DE CALCUL AL INTEGRALELOR

2. FORMULA SCHIMBARII DE VARIABILA (SAU METODA SUBSTITUTIEI).

Teoremai: Fie LJ intervaledin Rsi ¢ : I — J, f :J — R, functii cu proprietatile :

1) @ este derivabila pe I;

2) f admite primitive. (Fie F o primitiva a sa.)

Atunci functia (f o ¢ ) ¢’ admite primitive, iar functia F o ¢ este o primitiva a lui (fo¢) ¢’ adica:

[ £(t))- ¢ (e)dt = Fop+C

Sa se calculeze integralele:

I [(ax+b) dx 2. [(2x—1) dx 3 [x 2x—1)9a’x
4. [x{sx® =3) ax 5. [ +1) ax 6. [x*(x' +

7. [x-77dx 8. ef—ildx 9. Iz—dx
10. [e'ax 1. j‘i/g dx 12. j%dx

13. I%dx 14. [xdfx—1dx 15. [2x + 5dx
16 [x/1+xdx 17. [x'VI-x"dx 18. [ +2dx

19. 3/2x + 5dx 20.j\/x2 — 6x — Tdx 21, j\/—xz —x+2dx
2. j RALESN 23. j 1“*/_ 24, j\/}mxdx

25.

l—x) 1
26. |[~—=-dx 27. | ——dx
3\/— J xx '[\/4x2+2x—3
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28, | ——=dx 29. | ——=dx 30. dx 31.
e ] N
1 1 1
——dx 32. X 33, | ——dx 34.
Ix(l+lnx)4 Ixiln2x+8i Ix«/3—ln2x
| Lo 35. [ Vit 36. [ 37.
xInx
1
dx  38. —dx
I x(2005 + In x)** I wx? —1
Rezolvari:
n+l n+l
1. J.(ax+b ) dx = _[t ai_11 + =M+C unde ax+b=t = adx=dt dx—ﬂ
Tan+l a(n+1) a
10 . 10
2. j(zx—l)"dx: tﬁ_t—+0=u+c unde 2x-1=t = 2dx=dt
2 20 20
£ 10 it _1\lo
3. [x(ex-1)dx= g - J'(t‘°+t P PO C- k) N € k) S
2 22 20 22 20
8 —
4, jx(5x2—3)7dx:jt7-£:i L+C:M+C,und65x2—3:t:>10xdx:dt
10 10 8
7. J.x-7"2dx=J‘7’£=l T e
2 2In7 21In7
8. dex Notim: e* +1=¢ = e'dx = dt = e—dx=j1dt=1nt+C=1n(eX+1)+c
e’ +1 e’ +1 t

15. J.\/2x+5dx Notim: 2x+5 =¢ sau 2x+5=1> = 2dx = 2tdt = dx = tdt

3 /
j\/2x+ Sdx = jz tdt——+C— 2x3+5 +C
20. I\/x —6x— dx—\/x 3 (i _x-3

Nx? —6x— 7——1n‘x 3+4x? —6x— ‘+C

deoarece:

ax2+bx+c= ( i) (
2

ax’ +bx+c=d| [ ;J [ j]dacaA)O sau

J ldaca A©

2012
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23, jln\/_ J‘lnt

J.ln\/_ ZZ (lnt) (ln\/;)erC

28

J—ﬁdx:f .
R GG

INTEGRAREA FUNCTIILOR TRIGONOMETRICE

dx= arcsinT +C= arcsmT +C, puteamnota

— - 2tdt —2J.—dt ZIzdz deoarece x =t :>dx:2tdt,lntzzz>%dt:dzz>

2x-3
2 . 2x-3 2x-3

cut

2

Calculul integralelor trigonometrice se poate face fie folosind formula integrarii prin parti, fie
metoda substitutiei. In acest caz se pot face substitutiile:

1. Daca functia este impara 1n sin x, R(-sin x,cos x)=-R(sin x,cos x) atunci cos x=t.

2. Daca functia este impara in cos X, R(sin x,-cos x)=-R(sin x,cos x) atunci sin x=t.

3. Daca functia este pard in raport cu ambele variabile R(-sin x,-cos x) atunci tg x=t.

4. Daca o functie nu se Incadreaza in cazurile 1,2,3,atunci se utilizeaza substitutiile universale:

sinx =——,c08x =

1+1¢ 1+1¢
5. Se mai pot folosi si alte formule trigonometrice:
1-cos2x

sin 2x=2sin X .cos X, sin’ x = 5

Sa se calculeze:
l.jsin3x-cosxdx 2. Icos3x-sin2xdx

5. I(tgx + tg3x)dx

I—cos\/_dx

4. jsin3 x-cos? xdx

sin’® x
7. I dx
coSx

10. jsirﬁ xdx 11. jcos3 xdx

sin 2x

13_[ s1nx 14-I—dx

cos® x— 4

\1- (0052 x)2

16.I _1 dx 17.[ LS
Sin x COS X

X
unde t =tg —
g2

2 1+cos2x
X=—-
2

3. jsin(zx +5)dx

COS X
6 =
1+sin’ x

- J.l—cosxabc

12. J‘ arcsin x

dx

15.
J.\ll —x? -arcsin2 X

18. jsinm x-cos’ xdx
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1 arctgx 2006 0
19. I dx 20. J‘
V1—=x* - (2005 + arcsin x)*** 1+ x?
Rezolvari:
4 4
1. Notam sin x=t = cosx dx=dt = Isin3 x - cos xdx = .[t3dt = %_,_ C = COZ Y.

2. Notam cos x=t = -sin x dx=dt
5

. . . 2
Jcos3 x-sin2xdx = J.cos3 Xx-2sinxcosxdx = 2J‘cos4 xsinxdx = —2ft4dt = —2-%+C = —g-cos5 x+C

3 3

10. J'sin3 xdx = J'sinxsin2 xdx = J'sinx(l —cos” x)dx = —I (1—=t*)dt =—t +% +C=—cosx+ 2% ¢
12. J-arcsmx dx Notam cu t pe arcsin x = (arcsinx)= 1 =dt=
Vi- \/ 1-x?
. 2
J'arcsmxd —J.tdt——+C (arcsmx) LC
2 2

INTEGRAREA FUNCTIILOR RATIONALE

Definitie: O functie f:I—R , I interval, se numeste rationala daca R(x)= Sx E ; ,2(x)#0,xel,
unde f,g sunt functii polinomiale.
Daca grad f >grad g, atunci se efectueaza impartirea lui fla g = f=gq+r, 0 <grad r<grad g si

deci

R(x)—fgi q(x)+@. Pentru R(x) se face scrierea ca sumade functii rationale simple.

g(x)

1 1
1. I dx:—ln|ax+b|+C ExI dx——1n|2x 7|+C
ax+b a 2x —
) [ P W Do [ S B B U0
(ax +b)" (n—1)(ax +b)" (Bx+8) 6(3x+8)" 3
3 _[;dx larct x+C E J.;dx 1arct x+C
. = — — X = — —
xP+a’ a & a x?+5°2 5 & 5
| | -
4 |[—dr =—m[~—2+C Exj21 &=~ 2 c
X" —a a xX+a x- =25 10 x+5

1 1 va’ - I I 1 -1 )
eyt = ol e ¢ el e el e
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' 2012
1 x*+16 - x° 1 1 1 ( -1 j
=yt = -—|x: dx
Ex. I(x2+16)2 J (x2+16)2 16'[x2+16 16j 2(x+16)
1 X 1 X 1
N o n
16 4arcg 4 16[ 2x7 +32 J2(x2+42)]
| ! dx, A0
b 2 \/Z 2
a(x+-—)" = (5]
6 J' 1 d = 2a 2a
Y ax? +bx+c T 1
dx, A0
[FE—
al(x+ ) + (22
2a 2a
_5_3
Ex. j 2 ! dx=J- ! dx-l ! In 8 8+C=l] 8x_8+c
4x° =5x+1 S\ (7)) 4 R 3 5 3 P )
4l x==| | = — x=—4-
( 8) (8) 8 8 8
1 1
Ex. Iz—d =|——5—dx= arctg(x+l)+C
x°+4x+5 (x+2) +1
7. J.za)c—+bdx=1n‘ax2+bx+c‘+C Ex. J.zgx—_6dx=h’1‘4x2—6x+7+c
ax” +bx+c 4x% —6x+7
8*.J' ;4x+B i J'm(Zax+b)+nd zm'ln‘ax2+bx+c‘+n-j%dx
ax” +bx+c ax” +bx+c ax” +bx+c
Ex.
Iyd 2 (4x +5)+4—145 |
,[ 2 = 3 dx =— ln‘2x +5x— 4‘+ Iz—dx:
2x° +5x—-4 2x° +5x—-4 2x° +5x—-4
iln‘2x2+5x—4‘+lj ! dx = ln‘2x +5x— 4‘+ 1 |4x+5 \/_|
* 4 sV (V57Y 57 axsesr C
2l x+—| — e
4 4
Sa se calculeze:
1 J' 1 2.I2x+3dx 3-_[ X n J'1—3xdx
3x+5 2x +1 x+4 2x+3
1 1 1 2
5 dx 6. dx 7. dx 8. dx
j(2x+3)2005 IXZ -9 J.x2 +4 Ixz
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- 2012
X 1 1 1
0. d 10. d 1. | ———d 12. | ————d
o e I(x—l)(x—Z) ’ f(x+1)(x+z) g
1 1 1 1
13. d. 4. | ———d 15. | ———d 16. | ———
J.x(x+2) ’ J‘xz—?ax+2 * J‘2x2—x—3 ’ J‘3xz+x+1
1 4x -3 6x—2 3x-2
17. | ——d 18, | —— 19. | ———d 20. | —d
'[xz—2x+5 g '[2x2—3x+1 g '[3x2—2x+5 g J.xz—Sx+6 g
S5x-2 x+1 x? X
21. d. 22, | ——d 23. d 24, d
J.x2+4 ! J.x2+2x+10 * J‘366—3 * Ix4+1 )
4
2s. | 2y 2. | PN 27. Ide 28, [ d
1+x4 1+x8 (x_l)IZ (x_l)lo
2
X
29. d
jxé +4 g
Rezolvari.
23. Notémx3cu t= 3x2dx =dt =
J~ _J 1 |t—\/§| “C= |X —\/_|
B RN L e MY L
26. Notim pex*cut = 4 x’ dx=dt =
x’ 1 dt 1 1 .
jl+x8dxzjt2+l-xzz-arctg t+C:Zarctg x'+C
27. Notdm pe x-1 cut = x=t+1 = dx=dt =
3 3 —8 —9 -10 -11
I al dx:J.(Hl) —It +3r° +3t+ldt J‘(t‘9 +3t“°+3t‘“+t‘12)dt——+3— ML,
(x—l)12 -8 -9 -10 -11
1 1 3 1

- - - +C
8(x-1° 3(x-1° 10(x-1" 11(x-D"
28. Notam pe x-lcut =

j(x—l)lodx jﬂdt—jt‘gdt+_[t_10dt=i+i+C:— ! !
x_

- +C
-8 -9 8(x—1)° 9(x-1)’°

Sa se calculeze integralele folosind descompunerea in fractii rationale simple.
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1
30. —d 3o [—
f * r2)-(x+5)
3
34. jx—dx 34, jx Xl
x—2
37. j—dx 38. —dx
x° +4x x> —6x+5
X 4+x+2 3x+2
41. j—)d 42,
J.x+1x+1 J‘x +2x? +x
45,
f(“ 1)(x+ Ve s

3. J-x +5x+7

35, J'x +x+l

1
39, | ————dx
I6x3 —7x*=3x

43. Iﬁdx

¥ (x=2)

x+l
33.
-[x -X
36. 4dx
x%=2x

40.
J x+1)(x+2

44, j;dx

X —X



